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Abstract. In this paper we obtain the structure equation of a contact-complex 
Ricmannian submersion and give some applications of this equation in the 
study of almost cosymplectic manifolds with Kahler fibres. 

1. Introduction 

The Riemannian submersions are of great interest both in mathematics and 
physics, owing to their applications in the Yang-Mills theory, Kaluza-Klein the- 
ory, supergravity and superstring theories [3J |H [TU1 HH HB [221 1221 133] , they be- 
ing intensively studied for different ambient spaces by several authors (see e.g. 
[II EH El EJ [121 [IS [113^ In this paper we study the 

so-called contact-complex Riemannian submersions, i.e. Riemannian submersions 
from an almost contact metric manifold (M, tp, £ , rj, g) onto an almost Hermitian 
manifold (N,J,g r ), which are (ip, J)-holomorphic mappings (see Q2]). The paper 
is organized as follows. The second section contains some preliminaries on almost 
contact metric manifolds and Riemannian submersions. In the next section, some 
results concerning the contact-complex submersions are given; among other, we dis- 
cuss the transference of Gray-type curvature conditions from the total space to the 
fibres and to the base space. In the 4th section we obtain the structure equation of a 
contact-complex Riemannian submersion. This equation is used in the last section 
in the study of almost cosymplectic manifolds with Kahler fibres. In particular, we 
prove that the fundamental 2-form of such kind of manifolds is harmonic. 

2. Preliminaries 

As usual, all manifolds and maps involved are assumed to be of class C°° . Fur- 
thermore, we denote by T(E) the space of the sections of a vector bundle E. 

Let M be a differentiable manifold. An almost contact structure on M, denoted 
by 77), consists in a (l,l)-tensor field tp, a non-singular vector field £, and a 
non-singular 1-form r\ that verify: 

(2.1) p 2 = -I + T]®£ 

and 

(2-2) r?(0 = 1, 



1991 Mathematics Subject Classification. Primary 53C15. 

Key words and phrases. Almost contact metric manifold, almost Hermitian manifold, contact- 
complex Riemannian submersion. 
* Passed away on April 8th, 2010. 



1 



2 



S. IANU§, A. M. IONESCU, R. MOCANU, AND G. E. ViLCU 



where / stands for the identity endomorphism of the fiber bundle TM. It follows 
(see e.g. [2J|8]) ^ na ^ * ne manifold has odd dimension and there holds ip£ = and 
r\ o if — 0, as well. Moreover, (M, ip, £, rf) is called an almost contact manifold. 

A Riemannian metric g on M is said to be adapted to the almost contact struc- 
ture {ip, f , rj) if 

(2.3) g(<pX,<pY)=g(X,Y)-ri(X)ri(y) 

for any sections I,Fe T(TM). The setting (ip,^,i],g) is called an almost contact 
metric structure on M, while M is an almost contact metric manifold. It follows 
from (|2~T j) - (j2~3"]) that the relation: r)(X) = g(X, £) holds for any section X E T(TM). 
Define next the fundamental 2-form $ of the almost contact metric manifold M by 
the analogous to the almost Hermite geometry formula 

(2.4) S(X i Y)=g{X,<pY) 

for any sections of the tangent bundle I,F6 T(TM). Basic examples and features 
of those structures will be referred from the book of Blair [5] . 

Let 7r : M — > TV be a surjective differentiable map between two smooth man- 
ifolds M and N. We call it a submersion if its rank is constant, equal to the 
dimension of the target manifold N. 

Let now M and N be Riemannian manifolds with Riemannian metrics g and g' 
respectively. Write F x = ■n^ 1 (x') for the fibre in x € M of the map tt : M — > N, 
where tt(x) — x' . The tangent vectors to the fibre belong to the kernel of the linear 
map 7T* = d7r; one calls them vertical. The distribution of the vertical vectors, 
V, is well defined (with constant rank) and V = Ker dir. It follows that V is 
integrable and the (connected components of the) fibres are its integral manifolds 
(of maximal rank). The orthogonal complement of V in TM with respect to the 
Riemannian metric g is the horizontal distribution, denoted by H. The submersion 
7r : [M, g) — > (N, g') is a Riemannian submersion if dn x : % x — > T x /N becomes a 
linear isometry, for any x G M. 

If an horizontal vector field (a section in the horizontal distribution %) is 7r- 
related (so that projectable) to a vector field on the base manifold N, one calls it 
basic. It follows from the definition of the Riemannian submersion that 

(2.5) g(X,Y) = g'(X',Y r )°K 

if X and Y are basic vector fields, 7r-related to X', Y' S T(TN), respectively. 

The projections in TM on V and H will be respectively denoted by v, and h, 
as well. If V and V are the Levi-Civita connections of the Riemannian metrics on 
M, N, then we have the following (see [2"4]). 

Proposition 2.1. Let tt : (M,g) — > (N' ,g') be a Riemannian submersion. If X , 
Y are basic vector fields it -related to X' , Y' on N, then: 

i. h[X, Y] is basic, ir-related to [X',Y']. 

ii. h(y xY) is basic, tt -related to V' X ,Y' . 
Hi. [X, V] is vertical for any V G F(V). 

The fundamental tensors of a submersion were defined by O'Neill. They are 
(1, 2)-tensors on M, given by the formulae: 

(2.6) T x Y = hV vX vY + vV vX hY, 

(2.7) A x Y = vV hX hY + hV hx vY, 
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where X, Y are vector fields on M. One gets immediately: 

(2.8) TuW = T W U, VU,W € r(V) 
and 

(2.9) A X Y = -A Y X = ^v[X, Y], VITe T(H). 

For the sake of simplicity, U, V, W etc. will stand for vertical vectors, X, Y, Z 
etc. for horizontal vectors or vector fields, respectively. 

This paper will consider Riemannian submersions where the total space M is 
an almost contact metric manifold and the base space N is an almost Hcrmitian 
manifold with an almost complex structure J compatible to g' . Let Q be the 
fundamental 2-form of (N,g', J) so that Q(X',Y') = g(X', JY'). Basic properties 
of almost Hcrmitian manifolds are found e.g. in the fundamental work of Kobayashi 
and Nomizu [20] . 

Recall the definition of (ip, J)-holomorphic mappings from an almost contact 
manifold to an almost complex manifold (see |17jV 

Definition 2.2. Let (M, 93, £, 77) be almost contact and (N,J) be almost complex 
manifolds, respectively. The map tt : M — > N is (ip, J)-holomorphic if J o dir — 
dir o ip. 

Now let consider Riemannian structures. 

Definition 2.3. Let (M, (p, £, r), g) be an almost contact metric manifold and (N, J, g') 
be an almost Hermitian manifold. A Riemannian submersion tt : M — > N is a 
contact-complex (Riemannian submersion) if it is ((p, J)-holomorphic, as well. 

Next, we recall some examples (see |13|). 

Example 2.4. For (M,gi) and (N, 32) Riemannian manifolds, take the product 
M x N. Its tangent bundle naturally splits as T(M x N) = TM © TN. For 
(x, y) € M x N one defines the symmetric bilinear forms 171 © g^ on all T( XiV )(M x 
AT) = T X M © T y N as 

(2.10) 5 = ^1*51+^52 

where ix\ : M X N — > M and 112 ■ M x N — > N are the natural projections. One 
gets a Riemannian tensor on M x N and a Riemannian submersion from M x N 
to M (the mapping 7Ti). 

Example 2.5. R. Bishop and B. O'Neill introduced the warped product of Rie- 
mannian manifolds, which varies the metric on some factor, e.g. 32 = }{x)92, where 
/ is a positive function on TV and 

5 = 7r i5i + (/° ^1)^252- 

The metric on the fibres depends upon the value of the map in the base point of 
them. It holds that tti : (N x f F,g) — > (N,gi) is a Riemannian submersion with 
fundamental tensor 

(2.11) T V V = -±g(U,V)gradf. 

The above formula shows that the fibres become totally umbilical submanifolds 
of M x N. The associated mean curvature vector field H = — ^grad/ shows further 
that the fibres cannot be minimal (equivalently, since umbilical, nor geodesic) unless 



4 



S. IANU§, A. M. IONESCU, R. MOCANU, AND G. E. ViLCU 



/ is constant. If / is constant, one essentially gets again the product manifold of the 
above example, where both projections are Riemannian submersions with totally 
geodesic fibres. 

Example 2.6. Take as tt the natural projection of the tangent bundle of a Rie- 
mannian manifold (M, g) to it. Then TM can be endowed with the canonical metric 
(Sasakian metric) G by: 

G(X, Y) = g{-K*X, tt»Y) o 7T + g(KX, KY) o tt 

where K is the Dombrowski connection map associated to V M . One immediately 
gets the Riemannian submersion definition properties for tt : (TM, G) — > (M, g) . 
The fibres are totally geodesic. If TM is endowed with the Cheeger-Gromoll metric 
(see [2]) one gets a Riemannian submersion from (TM,g) to (M,g), as well. 

Example 2.7. Taking above the hypersurface consisting of unit vectors in TM 
with respect to the metric g, one gets that T\M = {v 6 TM ||| v \\= 1} is the total 
space (of a spherical bundle over the base manifold M) with the almost contact 
metric structure naturally induced by the almost Hermitian structure on TM and 
the projection tt : T\M — > M is a contact-complex Riemannian submersion [2]. 

Example 2.8. The Hopf fibration tt : S 2n+1 — > CP n gives a contact-complex 
Riemannian submersion considering the Sasakian structure on S 2n+1 and a suitable 
multiple of the Fubini-Study metric on the complex manifold CP n . 

3. Tensor B of contact-complex Riemann submersions 

Define on the total space a (l,2)-tensor B in the contact-complex Riemannian 
submersions setting by 

(3.1) B(X, Y) = vV hi vhY - vV vhi hY + hV hjtV vf - hV^vY, 

where V is the Levi-Civita connection on (M,g). 

This tensor appears in the work of Watson and Vanhecke [3 5) on Riemannian 
submersions between almost Hermitian manifolds. 

Proposition 3.1. Let tt : M — > N be a contact- complex Riemannian submersion. 
Then 

i. B(V, Y) = for vertical V and arbitrary Y . In particular, B restricts to zero on 
the vertical distribution. 

ii. B(ipX,^) = /iVx£ for any horizontal X. In particular, if M is Sasakian, then 
B(<pX,£) is not zero. If M is almost cosymplectic, then B((pX,£) = 0. 

Hi. B restricts to a J -invariant tensor on the horizontal distribution %. 

Proof, i. The first assertion is trivial. 

ii. From ([3.1)1 one gets 

B(ipX^) = -W^xC = -hV^xt = hVx$ 

since ip 2 X = —X, for any horizontal X. If M is Sasaki, then Vx£ = —tfX, so 
B(<pX, £) 7^ for any horizontal vector field X. 

If M is cosymplectic we have Vx£, = and the conclusion is obvious. 

iii. Since H is (^-invariant and ip 2 X = —X for any horizontal vector field X, the 
result follows. □ 
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Proposition 3.2. Let tt : M — > N be a contact- complex Riemannian submersion. 
Then: 

i. For any vector field Z on M , the linear mapping B(Z , ■) sends forward and 
backwards horizontal vectors to vertical vectors. 

ii. B(X. Y) = B{Y 1 X) = AxfY — A vX Y for horizontal vector fields X and Y . 
Hi. B{X,Y) = for horizontal X and Y if and only if B(X,X) = for any 
horizontal X . 

Proof. i,ii. Trivial; iii. This statement follows immediately from the symmetry of 
B on the horizontal distribution r H. □ 

Proposition 3.3. Let n : M — > N be a contact- complex Riemannian submersion. 
Then for any basic X, Y and vertical V one has 

(3.2) g(B(X, Y),V)= g{V v <fY + ^VyF, X) + 2Vg(^X, Y) 

Proof. Using the properties of A and if one gets 

g(A x tpY, V) = g(vV x <pY, V) = -g{ V Y, V X V) = 
= -g(ipY, [X, V] + V V X) = -g(<pY, V V X) = 
= -Vg(X,<pY) + g(X,V v y>Y) 
since the bracket [X, V] is vertical. Analogously 

g(V v xY, V) = -Vg{ipX, Y) - g(<pV v Y, X) 
so that with property ii. in Proposition 13.21 the result follows. □ 

Next, we recall the fundamental properties of Riemann contact-complex submer- 
sions due to Watson |34j . 

Proposition 3.4. 34 Let n : M — > N be a contact- complex Riemannian submer- 
sion. Then: 

i. £ 6 T(V),r](X) = 0. for any horizontal X; the vertical and horizontal distribu- 
tions V and % are (p-invariant. 

ii. h(V x^Y is basic, ir-related to (V' X ,J)Y', for basic X,Y on M, ir-related to 
X',Y' on N. 

iii. ir*Q, = $. 

iv. Ni(X,Y) — (ir* Nj)(X, Y), for basic X,Y, where Ni denotes the normality 
tensor of M and Nj the Nijenhuis tensor of N. 

Next, we investigate the contact-complex submersions satisfying Gray- type cur- 
vature conditions, denoted K^, i = 1,2, 3. We recall that the so-called Gray iden- 
tities were introduced by A. Gray [14] for almost Hermitian manifolds (M,g, J): 

K x : R(X,Y,Z,W) = R(X,Y, JZ,JW), 

K 2 : R(X, Y, Z, W) = R(JX, Y, Z, JW) + R(X, JY, Z, JW) + R(X, Y, JZ, JW), 

K 3 : R(X, Y, Z, W) = R(JX, JY, JZ, JW). 

For an almost contact metric manifold (M,tp,£,r],g), the analogous identities 
have been considered by Bonome, Hervella and Rozas [S]: 

Ki v : R(X,Y,Z,W) = R(X,Y,<pZ,cpW), 

K 2ip : R(X, Y, Z, W) = R{<pX, Y, Z, <pW) + R(X, <pY, Z, <pW) + R(X, Y, <p.Z, <pW), 

K 3ip : R{X,Y,Z,W)=R(<pX,<pY,<pZ, l pW). 
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We remark that other Gray-type curvature conditions on almost contact metric 
manifolds have been introduced in [21] . 

Proposition 3.5. Let tt : M N a contact- complex submersion where the total 
space M satisfies Ki v . Then: 

i. If O'Neill tensor T is ip-bilinear, then the fibres satisfy on the K\tp. 

ii. If O 'Neill tensor A vanishes, then the base space N satisfies on K\ . 

Proof, i. The curvature relations in a Riemannian submersion setting give: 
R(U, V, F, W) = R(U, V, F, W) + g(TuW, T V F) - g(T v W, T V F), 
R(U, V, ipF, ipW) = R(U, V, <pF, (pW) + g(Tu<pW, T v ipF) ~ g(T v <pW, T V (pF), 

where R and R are the curvature tensors on M and one of the fibres, respectively, 
U, V, F, W being vertical vector fields. 

Then the assertion follows using the i^-invariance of the metric g. 
ii. From 

R(X, Y, Z, H) = R* (X, Y, Z, H)-2g(A x Y, A Z H) +g(A Y Z, A x H)-g{A x Z, A Y H), 

where R*(X, Y, Z, H) = R'(X', Y', Z', H') o tt and X, Y, Z, H are basic vector fields 
7r- related to X',Y',Z', H' respectively, it follows that 

R(X, Y, <pZ, <pH) = R*{X, F, <pZ t <pH) - 2g{A x Y, A vZV H)+ 

+g(A Y (pZ, A x tpH) - g(A x tpZ, Ay^pH). 

If A = 0, then 

R'(X', Y', Z', H') = R'{X', Y 1 , JZ, JH) 
since <pZ, ipH are related to JZ' and JH'. □ 

Proposition 3.6. Let it : M — > N be a contact- complex Riemannian submersion. 
Suppose that both M and N satisfy K\ v and K\ respectively. If [X, <pX] G T(V) 
for any basic vector field X, then TL is integrable. 

Proof. The curvature equations give now, setting Z = X and H = Y: 
~2g(A x Y, A X Y) + g(A Y X, A X Y) + g(A x X, A Y Y)+ 

+2g(A x Y, A X Y) - g{A Y ^X, A x <pY) - g{A vX X, A Y ipY) = 0. 
Because [X, ipX] e r(V) says that B(X, X) = for an horizontal vector field X, it 
is now known that B(X, Y) — for horizontal X, Y. 

It easy to see that A vX ipY = —A X Y and this gives now 

5g(A x Y,A x Y) + g(A x <pY, A x ipY) = 0. 

Both summands are non-negative, so that vanish; in particular H is involutive. □ 

Proposition 3.7. Let tt : M —y N be a contact- complex Riemannian submersion. 
Suppose that M satisfies on the K~2 V . If A is ip-bilinear then the base space N also 
satisfies on K^. 

Proof. The fundamental equations of a submersion give, taking into account the 
hypothesis, that 

R'(X', Y', Z', T')-R'(JX', JY', Z', T')-R'(JX', Y', JZ', T')-R'(JX', Y', Z', JT') = 
= 2g{A x Y, A Z T) - g(A Y Z, A X T) - g{A z X, A Y T) 
+g(A vY Z, A vX T) - 2g{A vX ipY, A Z T) + g(A z <pX, A vY T) 
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+g(A Y <pZ, A vX T) - 2g(A vX Y, A vZ T) + g(A vZ pX, A Y T) 

+g(A Y Z, A vX ^T) - 2g(A vX Y, A zV T) + g(A z ^X, A YV T). 

The right-hand side vanishes as follows. We have 

g(A vY Z, A vX T) = g(<pA Y Z, <pA x T) - g(A Y Z, A X T) + v (A Y Z)r,{A x T), 

since A is 93-bilincar. On the other side, 

V (A Y Z) = g(A Y Z,0 = g(A Yi pP,0 = g{<pA Y P,0 = 

taking into account that T-L is ^-invariant, as well, so that it exists P G T(H) such 
that Z = ipP. Then g{A vY Z, A vX T) = g(A Y Z, A X T). 

Now consider — 2g(A ipX ipY, A Z T) which can be expanded 

g(A vX <pY,A z T) = g(p 2 A x Y,A z T) = 

= -g(A x Y,A z T)+r](A x Y)g^,A z T) = -g(A x Y, A Z T). 

In an analogous way, all terms containing ip will be replaced by quantities not 
involving <p so that 

R'(X', Y', Z', T') = R'(JX', JY', Z', T')+R'(JX', Y', JZ', T')+R'(JX', Y', Z', JT') 
for any vector fields X', Y' , Z', T' on the base space N. □ 

One gets in an analogous way the following result. 

Proposition 3.8. Let 7r : M — >• N be a contact- complex Riemannian submersion. 
Suppose that the O'Neill tensor A satisfies on A x tpY = A vX Y, for any horizontal 
vector fields X,Y. If Ks v holds on M, then K3 holds on N. 

4. The structure equation of a contact-complex Riemannian 

submersion 

The relationship between the codiffercntials of the basic 2-forms $, $ and il 
of the total space, a fibre and the base space of a contact-complex Riemannian 
submersion it : M — > N will be established in what follows. 

The codiffcrcntial of $ on M is 

n 

m—n 

(4-1) - ^{(Vv 3 .$)(^,X) + (V^$)(^,X)}-(V € $)(^X) 

i=i 

with 

{(Xi, <pXi); {Vi,<pVi, £)}, 1 < i < n, 1 < 3 < m - n, 

a if - orthonormal local basis in the tangent space, such that (Xi, ipXi) are basic and 
(Vi, (fiVi) are vertical. Recall that ip Xi, ipVi are horizontal and vertical respectively, 
since both distributions H , V arc (^-invariant, and the Reeb vector field £ is vertical. 

Theorem 4.1. (The structure equation) Let tt : M — > N be a contact- complex 
Riemannian submersion. The following formula holds good: 

(4.2) 5&(X) = S'il(X r ) + 5$(V) + g(H, <pX) + ^g(TrB h , V) 
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where 8, 8, 8' are the codifferential on M , N and a fibre (by respect to the induced 
metric). Here H is the mean curvature vector field of a fibre and TrB h stands for 
the trace of the restriction of the tensor B to the distribution W. 

Proof. If X is an arbitrary vector field on M, then there is an unique decomposition 
X = X + V where X is horizontal and V is vertical, so that X — hX and V = vX. 
One calculates next S$(X) and 8$>(V). Using the formula 

(\7 x <S>)(Y,Z) = -g((V x ^)Y,Z) 

it follows from (|4.1j) that 

n 

6*(X) = £{g((V Xi <p)X i ,X)+g((y vXi <p)<pX i ,X)} 

m— n 

+ E MW^Vj -,X) + g((y vVj <p)<pV 3 ;,X)} + s((V e¥ >)£, X). 
j'=i 

The generic term in the first summation can be written as 

g{V Xi <pXi - <pV Xi Xi,X) -g(y vXi Xi,X) - g(<pV vXl <pXi,X) 

or 

g{{hV Xi ipX i ,X)-g{h V V Xi X i ,X)-g{hV vXi X u X)-g{hi P W ipX ^X i ,X). 

Considering now basic, local vector fields X^, tpX i: X on M, 7r-related to Xt, fX[, X' 
on N, we obtain 

g\{V x ,JX^X')-g\jV x) Xi,X')-g\V JX ,X' i ,X')-g\jV Jx ^ 
Therefore the first sum in the expression of 5$>(X) can be written as 

n 

^{g^iV^X^X^ + g'iiV'j^JpXiX^on} 

i=l 

or, equivalently, 8'ft(X')oTT, where f2 is the fundamental form on the base space N. 
Next, the generic summand in the expression of 8$(X) (the second sumation) is 

g(V Vj <pVj - ipV Vj Vj , X) - g{ V v y 3 Vj + <pV vVj ^ , X) 

or 

giVv&Y, - V vVi V jt X) - g(<p(V Vj Vj + V^V^X). 

The first term above vanishes as g([Vj,(pVj],X) — 0, since [Vj,(pVj] is tangent 
to the fibres. Hence the second sum in the expression of 8Q(X) can be written as 

n 

E 9( v v, Vj + V vVi fVj ,ipX), 
»=i 

or, equivalently, g(H,ipX) — g(W^,ipX), where H is the mean curvature vector 
field of the fibres. 

One finally gets therefore 

(4.3) 6<&{X) = g(H, <pX) + 8'Q,{X')ok. 
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On another hand, we have: 

n 

5<S>(V) = Y,{9((Vx^)X l ,V)+g((\7 vXlV ) V X t ,V)} 
i=l 
m — n 

+ E MVv^Vi.V) + 9«y v v i <p)<pV j ,X)} + ,g((V^K, V). 

3=1 

For the generic summand in the first summation we obtain 

g((vWxiV x i ~ v<pVx t Xi, V) - g{vV v>Xt X l + v(pV vXi (pX i: V) 

= g(A Xi <pXi - A vXi Xi,V) - g(ipA Xi Xi + <pA vXi <pXi, V) 
by the definition of A and the fact that (p and the projection v commute. The 
skew-symmetry of A gives the vanishing of the last parenthesis. 

Denoting by B h the restriction of B to the horizontal distribution, it follows that 

g(A Xi tpXi- A 9Xi Xi,V) 

is the generic summand in ^g(TrB h , V), where TrB h is the trace of B h . Compute 
now the second sum in 5$>(V) as the restriction of 6$(V) to the vertical distribu- 
tion V. Distinguish by a hat the induced objects on fibres (which are (^-invariant 
submanifolds). It follows that 

m — n 

mv) = -J2 {(Vv,*)(V i( V) + (V„v, V)} ~ (V C $)(£, V). 

3 = 1 

The first summand expands 

(VvM V i> V ) = -g((Vv^)V 3 ,V) = -g(Vv^V 3 ,V)+g( V V V] V J ,V) 
= -g(V Vj pVj - tpV Vj Vj , V) = -g((S7 Vj <p)Vj , V) 

In an analogous way, it follows that 8$>(V) restricts to the fibres to 6$(V). 
Therefore 

(4.4) 6$(V) =5$(V) + ^g(TrB h ,V) 

From (03JI and jQJ) one gets ([£2]) , where 5<f>(X) = 6${X) + 5<f>(V). □ 

In what follows this formula will be used in the study of almost cosymplectic 
manifolds with Kahler fibres introduced and studied by Z. Olszak .25 . 

5. Contact-complex Riemannian submersions from almost 
cosymplectic manifolds with kahler leaves 

Recall that an almost contact metric manifold M is almost cosymplectic if 77 and 
the fundamental form $ are closed, i.e. 

(5.1) <2$ = 0, drj = 0. 

The identity dr] = shows that the distribution D = {X G TM \ rj(X) = 0} 
is integrable and its (maximal) integral manifolds are hypersurfaces in M. The 
restrictions of $ and r\ to the associated foliation are closed forms, so that any 
leave is an almost Kahler submanifold. 
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Denote by A* the endomorphism of the tangent space given by 



(5.2) A*X = -Vx£, VX e Y(TM). 
Proposition 5.1. : 23] The tensor A* satisfies on the following formulae 

(5.3) g(A*X,Y)=g(X,A*Y), 

(5.4) A*ip + ipA* = 0, A*£ = 0, noA* = 0, 

(5.5) (Vxv)Y = -g(y>A*X, Y)C + r,{Y)<pA*X. 



It is trivial that a cosymplectic manifold is almost cosymplectic with Kahler 
leaves. Also, the tensor field A* vanishes in this case. Olszak gave examples of 
almost cosymplectic manifolds with Kahler leaves that are not cosymplectic (see 
[25]). He proved as well that if an almost cosymplectic manifold with Kahler leaves 
has vanishing tensor A*, then it is actually cosymplectic. 

We recall that an almost contact structure (<p, £, 77) is normal if and only if the 
next four tensors N±, N%, N3 and JV4 vanish (see 0): 

N X (X, Y) = [<j>, <j>]{X, Y) + 2dr,(X, Y)£, 

N 2 (X,Y) = {L vXV )Y - {L vY r))X, 

N 3 (X) = (L € <p)X, 

N 4 (X) = (L iV )X, 

where Lz denotes the Lie derivative with respect to Z. It is known that the 
vanishing of N\ on contact metric manifolds gives the vanishing of N2, N3 and 
N4, too. The converse is not true, in general (see [2] for details). The almost 
cosymplectic manifold with Kahler leaves have, generally, nonvanishing tensors Ni 
and ./V3, but N% and N4 are all zero, as we can see in what follows. 

Proposition 5.2. Let M be an almost cosymplectic manifold with Kahler leaves. 
Then N2 and JV4 vanish. Moreover N3 vanishes if and only if M is a cosymplectic 
manifold. 

Proof. The vanishing of N 2 and N4 follows easily using (|5.3p , (|5.4I) and (|5.5I) . 
On the other hand, by direct computation we derive 

N 3 (X) = {L^)X = [i,^X]- V {i,X] 

= V C ^»X - V v x£ - + tpVxt 

= A*tpX~ipA*X 

= 2A*ipX 

and the conclusion follows. □ 

Proposition 5.3. Let M(ip, £, rj, g) be an almost cosymplectic manifold with Kahler 
leaves. Then its fundamental form is harmonic. 

Proof. Since $ is closed, it remains to prove that it is co-closed, as well. 

Let {ei,<pei,£} be a local <p - Hermitian frame on M, (1 < i < m). It follows 
that 

m m 

8*{X) = -Y,{^e^){e i ,X)-Y,{y V em^X)-{V^){^X) 

i=l i=l 
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which can be written 

m m 

5$(X) = ^.g((V e ^) ej ,X) + ^ 3 ((V^^)^,X)+.g((V^)e,X). 

i=l i=l 

The last summand is obviously zero. Taking into account (|5.5[) . the generic 
summand in the first summation takes the form 

fl((V et ^)e i ,X) = - 5 (^A*( ei ),e 4 )5(C,^)- 

The second term is 

5((V ¥ , ei <^)ve I ,X) = -#(<pA*(<^),¥>ei)5(£,X). 

Using the properties of A*, it follows that 6$(X) = 0, VX £ T(TM). Finally 

A$ = (dS + 5d)<S> = 

and the result follows. □ 

Theorem 5.4. Let n : M — ¥ N be a contact- complex Riemannian submersion. 
Suppose that M is almost cosymplectic with Kdhler leaves. Then 

i. The base space N is Kdhler if and only if the O'Neill tensor A satisfies Ax£ = 
for any X e H. 

ii. The fundamental form fl of the base is harmonic if and only if TrB h = 0. 
Proof, i. From Proposition 13.41 one has 

(ir*Nj)(X,Y) = N 1 (X,Y) 

for any basic vector fields X, Y on M. 

One shows next that Nx(X, Y) = for any basic vector fields X, Y. It is known 
that the vanishing of Ni is equivalent to the identity 

{Vxf)Y - {V v x^Y + r!{Y)V v xt = 0. 

But the last term vanishes as Y is basic. Using (15.51) . the last equation becomes 

g{<pVxL Y) - g(v>V vX £, <pY) = 

or, equivalently, (VxCi <pY) = 0- Taking into account that Ax£, — hVx£ an d the 
c/?-invariance of H, the assertion follows as 

N 1 (X,Y) = N J (X',Y'), 

with X, Y basic vector fields on M, 7r-related to X', Y' on N. 
ii. It is known that a ^-invariant submanifold of an almost cosymplectic manifold 
tangent to the characteristic vector field £ is minimal, so that the fibres are minimal: 
H = 0. The restriction to the fibres of 8 is 5, so that <5$ = 0. 

Since <5$ = 0, the assertion follows from the structure equation (|4.2j) . □ 
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